Minimum-fuel, two-dimensional and three-dimensional, Earth-moon trajectories are obtained for a nuclear electric propulsion spacecraft. The initial state is a circular low Earth parking orbit and the terminal state is a circular low lunar parking orbit. For the three-dimensional problem, the lunar orbit is inclined 90 deg to the Earth-moon plane. The trajectory has a xed thrust-coast-thrust engine sequence and is governed by the classical restricted three-body problem dynamic model. An analytical expression for quasicircular low-thrust transfers is used to approximateand replace the hundreds of initial and nal orbits about the Earth and moon. A costate-control transformation is also utilized to enhance convergence to the optimal solution. Numerical results are presented for the optimal Earth-moon trajectories.
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Introduction

S
PACECRAFT propelled by low-thrust engines are capable of delivering a greater payload fraction compared to spacecraft using conventional chemical propulsion systems.
1;2 The use of electric propulsion for Earth-moon transfers has been a popular topic for research.
3¡10 References 3 and 4 present low-thrust lunar transfers using power-limited spacecraft whereas Refs. 5-10 employ constant-thrust electric propulsion systems. In addition, nuclear electric propulsion (NEP) has been identi ed as a potential propulsion mode for large-scale spacecraft with fairly high-power requirements.
10¡14
This paper extends our earlier work on optimal two-dimensional and three-dimensionalEarth-moon transferswith a moderatethrustto-weight .T=W / ratio of 3.10 ¡3 / (Refs. 5 and 7). The NEP spacecraft T=W ratio treated is more than an order of magnitude lower than 3.10 ¡3 /, and consequently the NEP transfer involves a greatly increased transfer time with numerous near-circular orbits about the Earth and moon. Furthermore, a costate-control transformation is included in our treatment of the optimal controls, and unlike our previous work, 10 the Edelbaum approximation is applied here in a full three-dimensional setting. We present solutions to a minimumfuel transfer problem between a circular, low Earth orbit (LEO) and a circular, low lunar orbit (LLO). Both an optimal planar transfer and an optimal three-dimensional transfer to polar LLO are obtained. The restricted (circular) three-body problem dynamic model is used to generate the optimal Earth-moon trajectory. The trajectory is assumedto consist of a continuous-thrustEarth-escapespiral, followed by a translunar coast arc, and nally a continuous-thrust moon-capture spiral.
Trajectory Optimization
Dynamics
Classical restricted three-body problem equations of motion 15;16 are used for the Earth-moon trajectories. The three-dimensional dynamic equations are expressed in rotating spherical coordinates, with the Earth-moon plane as the primary plane. Thus, the six elements of the state vector x consist of the three position variables, r, µ , and Á, plus the three velocity components, v r , v µ , and v Á . There is no mass rate equation since the assumption of a constant mass ow rate results in a linear mass time history during each thrusting segment. Earth-centered spherical coordinates are used for both the thrusting Earth-escape phase and the translunar coast phase. However, the equations of motion for the thrusting moon-capture phase are referred to a moon-centered spherical coordinate frame. Two control functions, the thrust steering angles u.t / and v.t /, de ne the orientation of the thrust vector during the powered escape and capture phases. The speci c equations of motion used here may be found in Ref. 7 . Although spherical coordinates are exclusively used in this analysis,the use of other coordinatesystems could prove bene cial. All differential equations of motion are numerically integrated using the variable-step Adams-Moulton routine DIVPAG from the International Mathematics and Statistics Library 17 with a prescribed truncation error of 10 ¡7 .
Vehicle Model
The spacecraft characteristicsadopted here represent an ion NEP lunar cargo vehicle 13;14 with a total initial mass in LEO m LEO of 123,000 kg. The constant input power is 5000 kW, and the constant speci c impulse I sp is 5000 s. Thruster ef ciency is xed at 75%, and therefore thrust magnitude T and propellant mass ow rate P m are both constant at 152.9 N and 269.3 kg/day, respectively. The corresponding initial T=W ratio is 1:3.10 ¡4 / and is less than 1/20 of the T=W ratio utilized in Refs. 5 and 7. For our analysis, the lowthrust engines are assumed to operate without a transient start-up or tail-off period, and therefore T and P m are considered to be at their respective constant values during powered ight or at zero during the coast phase.
Problem Statement
The optimal control problem treated here is a free end-time problem and involves both control functions and control parameters. In the three-dimensionalsetting, the problem can be stated formally as follows.
Find the initial longitude angle µ 1 .0/, the thrust steering time historiesu 1 .t/ and v 1 .t /, 0 · t · t e , and u 3 .t / and v 3 .t /, ¿ · t · t f , the powered ight durations t e and t c , and the nal time t f that minimize
subject to the three-dimensional restricted three-body equations of motion with the boundary conditions at t D 0
the boundary conditions at t D t e
the boundary conditions at t D ¿
and the terminal state constraints
The initial state conditions [Eqs. (2-6)] de ne an initial 407-km altitude, low Earth circular orbit with zero inclination. Since inclination is measured from the Earth-moon plane, the initial orbit is contained in that plane. Equation (7) represents the required state matching conditions at the end of the Earth-escape phase (t D t e ) between the powered and coastingtrajectorysegments. Equation (8) The four terminal state constraints [Eq. (9)] de ne a circular 100-km altitude LLO with a speci ed inclination i with respect to the Earth-moon plane. The terminal state constraints are expressed in the moon-centered, rotating, spherical coordinate system. The rst three terminal state constraints specify a low lunar circular orbit. The fourth state constraint ensures termination in an orbit with the desired inclination.Utilizing the relationshipbetween velocities in a xed reference frame and a rotating reference frame, we obtain the inertial velocity components
Because ! is a constant for the restricted three-body problem and the nal radius r 3 .t f / is constrained, the product !r 3 is de ned as a constant n. Therefore, the last two terminal state constraints in Eq. (9) are rewritten in terms of velocity components in the rotating frame:
Although the third terminal state constraint in Eq. (9) [Eq. (12)] involves nonlinear terms, it provides a compact representation of the requirement for the magnitude of the nal velocity vector to match the circular orbital speed in LLO.
Solution Method Three-Stage Approach
The nonlinear three-body dynamics, coupled with the strict requirement for the transfer to terminate in a low circular lunar orbit under the control of a low-thrust engine, results in an optimization solution process that is extremely sensitive to initial guesses for spacecraft control. Therefore, the prospect of obtaining the minimum-fuel LEO-LLO trajectory by solving numerically a single optimization problem seems very remote. Our previous paper 5 presented a systematic three-stage approach for obtaining the minimum-fuel Earth-moon trajectory. Tang and Conway   18 have recently applied a similar systematic procedure for obtaining minimum-fuel interplanetary trajectories. Our hierarchal approach is brie y outlined as follows.
1) The rst stage involves computing several optimal low-thrust Earth-escape and moon-capture trajectories that maximize total energy at the end/start of a xed-time transfer based on two-body dynamics.
2) In the second stage, we compute an all-coasting, suboptimal, minimum-fuel trajectory between boundary conditions provided by curve-tting the maximum-energy escape/capture spirals obtained from the rst stage. Restricted three-body dynamics without thrusting terms are used here.
3) Finally, the complete minimum-fuel, LEO-LLO, trajectory problem with a thrust-coast-thrust engine sequence is solved. A hybrid direct/indirect method is used to solve this optimal control problem.
The associated nonlinear programming problems are solved using sequentialquadraticprogramming(SQP), which is a constrained parameter optimization method. 19 The SQP algorithm used here is the IMSL routine DNCONF. 17 For the rst-stage problem, the corresponding two-point boundary value problem (2PBVP) from optimal control theory 20 is solved via SQP with the initial costate variables as SQP parameters and the transversality conditions enforced through SQP equality constraints. This maximum-energy Earthescape problem has also recently been addressed by Herman and Conway. 21 The second-stage problem converges very rapidly due to the small number of SQP problem variables and the replacement of the long-duration escape/capture spirals with curve-t boundary conditions. A parameterization of the thrust direction angles u.t / and v.t /, as outlined in the following section, is used to solve the third-stage problem.
Hybrid Direct/Indirect Method
In general, an optimal control problemmay be solved using either a direct or indirect method. An indirect method involves solving the corresponding 2PBVP, which is usually an extremely dif cult task except in the case of a simple dynamic system. A direct method utilizes a parameterization of the control and attempts to directly reduce the performance index value at each iteration. Because our minimum-fuel problem involves sensitive system dynamics and a dual coordinate frame, a direct optimization method is used here. The optimal control problem is replaced with an approximate nonlinear programming problem with the continuous control history replaced with a nite number of parameters. A typical approach to parameterizingthe control is to utilize linear or cubic spline interpolation througha xed numberof controlpoints.For the long-duration spiral trajectories,this technique would require a very large number of control points for suf cient accuracy. A more ef cient and accurate technique is to utilize the necessary conditions from optimal control theory 20 to parameterize the control angle time histories. As a result, the optimal thrust steering angles u ¤ .t / and v ¤ .t / are parameterized by the costate differential equations. This parameterization feature utilizes some important aspects of an indirect approach, and thereforethis method is termed a hybrid direct/indirect optimization approach.
Necessary Conditions from Optimal Control Theory
The costate equations and transversality conditions are used to de ne the steering angle time histories. The general form of the costate differential equations is derived for the Earth-centered, rotating, spherical frame, and hence subscripts are not employed.
The
The costate differential equations are
The transversalityconditions for the moon-centered costate system de ne the terminal costate values in the inclined LLO. The transversality conditions are obtained from Eqs. (1) and (9):
Application of the stationarity condition yields
The resulting direction cosines for the thrust acceleration vector components as required in the equations of motion are sin u cos v D ¡¸v r =k¸vk (19) cos u cos v D ¡¸v µ =k¸vk (20) sin v D ¡¸v Á =k¸vk (21) where k¸v k D .¸2 vr C¸2 v µ C¸2 v Á / 1=2 . The correct signs for these direction cosines are obtained by applying the strengthened LegendreClebsch condition. A detailed derivation of the costate differential equations, transversality conditions, and stationarity condition is given in Ref. 7.
Edelbaum Approximation for Quasicircular Transfer
The three-stage procedure described was initially attempted for the minimum-fuel two-dimensional transfer problem. The maximum-energy escape/capture spirals and suboptimal coasting trajectory between curve-t boundaries were obtained in a straightforward fashion for the NEP spacecraft. The complete LEO-LLO transfer was attempted by dividing the trajectory into two segments and numerically integrating the powered Earth-escape spiral and coast arc forward in time from LEO and the moon-capture spiral backwards in time from LLO to a common match point near the lunar sphere of in uence (SOI). This matching method has previously been demonstrated to diminish the sensitivities related to the terminal state constraints at circular LLO. 5 However, the minimum-fuel LEO-LLO trajectory problem did not converge due to the extreme number of nearly circular orbits about the Earth and moon. The Earth-escape and moon-capture spirals required about 267 and 37 revolutionsabout each respective primary body. Because the thrustdirection angle is governed by the sensitive costate system, very small perturbations in the initial guesses for the costates produce extremely different trajectories. In addition, the hundreds of tight, low-altitude, nearly circular orbits require thousands of integration steps and, therefore, greatly increase the computational cost of the problem.
To improve convergenceproperties and reduce the computational load, the minimum-fuel transfer for the NEP vehicle is now solved from a geosynchronous altitude, circular, Earth orbit (GEO) to a high-altitude, circular, lunar orbit (HLO). Choosing these boundary conditions eliminates hundreds of nearly circular orbits about the Earth and moon from the complete simulation. An auxiliary maximum-energy Earth-escape trajectory to GEO altitude resulted in a nal radial velocity of 0:04 km/s and a nal eccentricityof 0:01. Thus, this portion of the optimal Earth-escape spiral involves very nearly circular orbits. The HLO altitude is chosen by observing that the radial velocity time history for an auxiliary maximum-energy moon-capture trajectory remains very small until the spiral time from LLO is about four days. After four days and 28 revolutions about the moon in backward-in-timespiraling from LLO, the radial velocity is ¡0:02 km/s and the altitude above the moon is 2038 km. Together, the initialization and termination in higher circular orbits removes over 44.6 days of near-circular spiraling and over 289 revolutions about the Earth and moon.
The fuel consumed during these slowly opening, near-circular, spiral trajectories from LEO to GEO and from LLO to 2038-kmaltitude HLO is approximatedby analytical equations developed by Edelbaum 22 for minimum-fuel, low-thrust, transfer problems between inclined circular orbits. Edelbaum's expression for a lowthrust circle-to-circle transfer with plane change is simply
The velocityincrement 1V includesthe velocity requiredfor a plane change. Edelbaum's expression for 1V is
Therefore, the spacecraft mass in GEO is
where 1V e is the velocity increment computed from Eq. (23) for the LEO-GEO transfer. The corresponding LEO-GEO quasicircular transfer time 1t QC 1 is
Spacecraft mass at HLO m HLO and HLO-LLO quasicircular transfer time 1t QC 2 are computed in a similar fashion. These expressions can be used to compute the fuel mass and time required to perform the quasicircular transfers with plane changes from LEO to GEO and from HLO to LLO. The orientations of GEO and HLO are determined by specifying the longitude angle µ , the latitude Á, and the heading angle Ã. Both latitude and heading are between §90 deg. The inclination i of GEO (or HLO) is then computed from
Because only posigrade orbits are considered,i is between zero and 90 deg. The initial and nal velocity components with respect to an inertial frame for the inclined GEO and HLO are
Costate-Control Transformation
The state matching conditions between the forward-in-time and backward-in-time trajectory segments are extremely sensitive to changesin the initialcostate values,and this hindersthe convergence of the SQP problem. The convergence properties for the minimumfuel GEO-HLO problem are improved by introducing a costatecontrol transformation. 23 Reference 23 presents the costate-control transformation for a planar problem; we have extended the transformation to the three-dimensional problem. Instead of guessing and iterating on the unknown costate values at GEO and HLO, the values for the initial thrust steering angles and steering rates (u, P u, v, and P v) are the SQP design variables. Because costate values are nonlinearly related to u, P u, v, and P v, the initial costate values can be computed. Choosing the initial control state as design variables has more physical meaning than selecting costate values as design variables. Details of the three-dimensionalcostate-controltransformation are presented in the Appendix.
The use of the Edelbaum quasicircular approximation and the costate-control transformation results in a different nonlinear programming problem than for the LEO-LLO problem. To summarize this change, we can list the speci c design variables used here for the GEO-HLO problem, including the Edelbaum approximation and the costate-control transformation. For the three-dimensional problem, the SQP formulation has 17 design variables: the initial and nal longitude, latitude, and heading angles in GEO and HLO, the initial and nal thrust steering angles and steering rates in GEO and HLO, the durations of the powered escape and capture spirals, and the duration of the coast arc. The orbit inclination and velocity components v µ and v Á in GEO and HLO are computed using the latitude and heading angles and the respective circular orbit velocities. The SQP problem has six equality constraints, which require position and velocity matching near the SOI. For the simpler twodimensionalproblem,the SQP formulationhas nine design variables and four equality constraints.
Note that our parameterization of the controls leads to a relatively small total number of design variables but does not necessarily greatly reduce the inherent sensitivity in the numerical solution process. Other direct optimization techniques (such as collocation methods) may improverobustnesspropertiesat the expense of greatly expanding the design parameter space.
Numerical Results
Two-Dimensional Transfers
The minimum-fuel, two-dimensional, GEO-HLO transfer is obtained rst using the hybrid direct/indirect method with the costatecontrol transformation.The resulting optimal spacecraft mass in the HLO after numerical integrationof the three-body equations of motion from GEO is 106,290 kg. Edelbaum's analytical method is then used to compute the nal spacecraft mass in LLO, and the result is 105,225 kg. The minimum-fuel trajectory for the NEP vehicle results in a nal-mass-to-initial-mass ratio of 0.8555.
It would be desirable to have a direct comparison between optimal trajectories with and without the Edelbaum approximation.But that is not possible because we were not able to obtain a solution to the full LEO-LLO transfer problem; that, of course, is the primary motivation for adopting the Edelbaum approximation.However, we can compare with the suboptimal (stage 2) all-coast solution to the LEO-LLO problem. That suboptimal solution delivered 105,217 kg to LLO for a nal-mass-to-initial-mass ratio of 0.8554. Therefore, very little improvement in performance is made between the suboptimal solution and the complete minimum-fuel GEO-HLO solution with Edelbaum's analytical approximations.
For the full optimal transfer,the NEP vehicle completesabout 261 revolutions about the Earth in 40.64 days during the Edelbaum approximation for the LEO-GEO quasicircular transfer. The optimal numerically simulated trajectory completes six revolutions about the Earth during a 14.55 day escape spiral from circular GEO to the start of the translunarcoast arc. The NEP vehiclecoasts for 6.76 days before spiraling for 6.56 days and nine revolutionsduring the moon capture terminating at HLO. Edelbaum's analytical method approximates the quasicirculartransfer from HLO to LLO at 3.94 days. The trip time for the numerically simulated GEO-HLO transfer is 27.87 days, which is slightly greater than one lunar orbit period. The total trip time for the LEO-LLO transfer is 72.44 days. The minimumfuel GEO-HLO trajectory is shown in the Earth-centered, rotating frame in Fig. 1 and in an inertial Earth-centered frame in Fig. 2 . The inertial plot indicates the moon's position at the start of the escape spiral from GEO and at the end of the lunar capture into HLO. There is a slight overlap in the moon orbit since the GEO-HLO trip time slightly exceeds the period of the moon's orbit about the Earth-moon center of mass. The optimal thrust steering angle time histories along with the ight-path angles for the Earth-escape and moon-capture spirals are shown in Figs. 3 and 4 .
Three-Dimensional Transfer to Polar Lunar Orbit
The minimum-fuel three-dimensional trajectory to a polar lunar orbit is obtained next. For the minimum-fuel three-dimensionaltrajectory, the initial LEO has zero inclination and the nal LLO is a polar orbit with a 90-deg inclinationwith respect to the Earth-moon plane. The circular boundary orbits for the numerical integration, GEO and HLO, may be at any inclination because the optimization process is free to allocate the 90-deg plane change among the LEO-GEO, GEO-HLO, and HLO-LLO segments. Edelbaum's analytical expressions are used to compute the fuel mass and time duration required to perform the quasicircular transfers with plane changes from LEO to GEO and from HLO to polar LLO.
Again, the hybrid direct/indirect method is used to solve the minimum-fuel three-dimensional trajectory for the NEP vehicle. The two-dimensional minimum-fuel solution provides the initial guess. Therefore, the initial latitude Á, heading Ã, inclination i , steering angle v, and steering rate P v are all zero in both GEO and HLO for the initialguess and the zerothiterationsimply resultsin the optimal planar transfer between GEO and HLO. Because the initial guess is from the two-dimensional solution, the Edelbaum quasicircular transfer from LEO to GEO is planar and the quasicircular transfer from HLO to polar LLO performs the entire 90-deg plane change.The initial and nal inclinationrequirementsare maintained by the Edelbaum approximations. The respective plane change requirements from the analytical quasicircular transfers in uence the SQP performance index, total powered ight time.
The convergencehistory of the three-dimensionalproblemis presented in Table 1 . Because the latitude and heading in GEO and HLO are SQP design variables, the inclinations of GEO and HLO are free. The table shows how the inclinations of GEO and HLO change as the SQP problem converges to a solution in 158 iterations. In the fourth column, the plane change performed by the Edelbaum approximation for the transfer from HLO to polar LLO is presented. The zeroth iteration is the two-dimensional solution, and the poor performance as shown by the nal mass in LLO (column ve) is due to the complete 90-deg plane change performed by the Edelbaum approximation. As the SQP solution progresses, the inclinations of GEO and HLO increase, and the resulting mass in polar LLO increases. The optimal spacecraft mass in polar LLO is 104,888 kg, which is only 337 kg less than the nal mass from the optimal two-dimensionalNEP trajectory.Therefore, the optimal three-dimensionalNEP trajectoryrequiresonly 1.9% more fuel than the minimum-fuel two-dimensional trajectory.
The optimal three-dimensional trajectory for the NEP vehicle is shown in the Earth-centered,rotating frame in Figs. 5 and 6. Figure 5 presents the projection of the three-dimensional trajectory onto the Earth-moon plane, and Fig. 6 shows the projection onto the vertical plane containing the Earth-moon line. The optimal trajectory completes six revolutionsabout the Earth during a 15.18-day escape spiral from GEO. At the end of the Earth-escape spiral, the orbit is inclined 2.8 deg with respect to the Earth. As indicated in Fig. 6 , the spacecraftis lofted above the Earth-moon plane during the 4.63-day coast arc. In Fig. 6 , the vertical axis is distorted to emphasize the out-of-planemotion. The spacecraftreachesa peak of over 6.9 Earth radii above the Earth-moon plane during the coast arc. Shortly after the vertical peak of the coast trajectory, the spacecraft coasts toward the Earth-moon plane and the moon-capture spiral is initiated. At this point, the spacecraft is above the moon's orbit with an 
Conclusions
This analysis allows us to treat a realistic nuclear electric vehicle model with its relatively low thrust-to-weight ratio. Both the Edelbaum approximation and the costate-controltransformation proved to be essential in obtaining numerical solutions for the initial thrustto-weight ratio of 1:3.10 ¡4 / treated here. The Edelbaum approximation is particularly useful for the three-dimensional case since it allows a plane change capability for the quasicircular segments.
For the optimal two-dimensional trajectories, the performance difference between 1) the complete GEO to HLO solution with the Edelbaum approximation and 2) the suboptimal, all-coast, LEO to LLO solution is very nearly negligible. But of course, only the former solution providesa de nition of the optimal translunarsteering.
For the three-dimensional case, the large majority of the 90-deg plane change occurs during the GEO to HLO transfer. Thus, the quasicircularspiral segments at each end of the optimal transfer are nearly planar.
The optimal three-dimensional transfer to polar LLO requires a fuel penalty of less than 2% compared to the optimal twodimensional transfer. The orbit plane at the start of the powered lunar capture spiral is nearly normal to the Earth-moon line. Our previous experience suggests that this fuel penalty will increase signi cantly if the target polar lunar orbit plane is constrained to be more closely aligned with the Earth-moon line.
Appendix: Three-Dimensional Costate-Control Transformation
The nonlinear relationships between the state of the controls for the three-dimensional transfer .u; P uI v; P v/ and the costates are derived in this section. The thrust acceleration direction cosines are again given by sin u cos v D ¡¸v r =k¸vk The norm k¸vk can be scaled and set equal to unity.Therefore, given the initial steering angles u and v, the initial velocity costates¸v r , vµ , and¸v Á can be calculated from Eqs. (A1-A3) . To determine the initial radial position costate¸r , the rst time derivative of the thrust direction angle u from the inverse-tangent steering law is computed: 
The meridian angle costate¸Á is determined from the rst time derivative of the meridian steering angle v. The steering law for v from the optimality condition (18) 
Because P vr and P vµ do not explicitly depend on¸Á, the differential equations are not substituted to simplify the expression. The norm k¸vk is set to unity and v r is set to zero. Solving the preceding equation for¸Á yieldş 
The expressions substituted for the costate differential equations are the same for the Earth-centered and moon-centered coordinate frames with the states referenced to the respective frames. Because the trajectory terminates in circular orbits, v r is zero at both ends. Also, as indicated by the transversality conditions,¸µ is zero in the two terminal circular orbits. Therefore, Eqs. (A5) and (A9) determine the position costates¸r and¸Á at both ends of the trajectory given the values u, P u, v, and P v in circular Earth orbit and circular lunar orbit.
